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Hydrodynamic Limits for the Boltzmann Process

C. Costantini' and R. Marra?
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We study the behavior of the nonlinear Markov process associated to the
Boltzmann equation under both hyperbolic and parabolic space-time scalings.
In the first case the limit of the process is the solution of an o.d.e. with vector
field given by a solution of the Euler equation, while in the second case the limit
of the process, in the incompressible case, turns out to be a diffusion process
whose drift is a solution of the incompressible Navier—Stokes equation.
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1. INTRODUCTION

We consider a gas of hard spheres in the low-density regime on the mean
free path scale. It has long been known that the behavior of such a system
is described by the Boltzmann equation for the density f(z, x, v) on the
one-particle phase space.”) Lanford® proved the convergence of the
solution of Liouville equations to the solution of the Boltzmann equation,
in the Grad-Boltzmann limit, for short times.

In this paper we take what may be called a Lagrangian point of view,
that is, we follow the evolution of a single particle, which we will call the
tracer particle. This evolution is stochastic, since we do not keep track of
the motion of the other particles. The velocity of our tracer particle jumps
as a result of the elastic collisions with the environment particles. The
motion of the tracer particle is therefore described by a transport process
(X, V) on the phase space IT x R* (where IT denotes the unit 3-dimensional
torus), driven by a jump process inhomogeneous in time and space. The
kernel of the generator of the jump process is determined by f(z, x, v) and
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since the tracer particle is identical to the environment particles, the one-
dimensional probability distribution of (X, V) has density f(z, x, v)/p,
where p=|dxdv f(1, x,v): Thus, (X, V) is a nonlinear Markov process
whose forward Kolmogorov equation is the Boltzmann equation. We will
call this process the “Boltzmann process.” The physical relevance of the
Boltzmann process is confirmed by a result of Spohn‘® (see also refs. 4 and
5), who proved the analog of Lanford’s theorem for stochastic processes,
namely that, at least for short times, (X, V) is the limit of a non-Markov
process describing the motion of a tracer particle of the hard-sphere gas
on the microscopic scale. The Boltzmann process also underlies some
algorithms for the numerical simulation of the Boltzmann equation (see,
for instance, refs. 6 and 7).

We are interested in studying the Boltzmann process (X, V) on a
hydrodynamic space scale (length unit much larger than the mean free
path) and on two different time scales: in fact, it is natural to expect that,
if ¢ is the mean free path, on a time interval of order ¢!, the position
component of the Boltzmann process converges, as ¢ goes to zero, to a
deterministic motion, while in order to see any dissipative effect one has to
wait for an ¢~ 2 time. Therefore we consider the Boltzmann equation under
both the hyperbolic rescaling (¢! in space and ¢~ in time)

0./ +v-V fo=e~'0(f" ) (1.1)

where

o =] dv, doo

(wi—v) - ©=0
X (UI —U) 'Cl){f([, X, vll)f(ta X, U/) _f(tn X, Ul)f(ta X, U)} (12)
and the parabolic rescaling (¢~ in space and ¢ 2 in time)
0, F+e -V F=¢ 2Q(F°, F) (L.3)

For the hyperbolic rescaling, Caflish® (see also Lachowicz®’) proved
that for any smooth solution (p, T, u) of the compressible Euler equation,
with p and T bounded away from 0, there exists a solution of (1.1) which
differs from the local Maxwellian of parameters (p, T, u) by an infinitesimal
of the order of &. For the parabolic rescaling, in the incompressible case,
De Masi et al.'” showed that for any given smooth solution U(, x) of the
incompressible Navier-Stokes equation with density g and temperature T
there exists a solution F*® of (1.3) which differs by an infinitesimal of the
order of &2 from the local Maxwellian M of mean &U, constant density p,
and constant temperature 7. Thus, in both cases the system reaches a local
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equilibrium, characterized by the parameters (p, T,u) and (p, T, eU),
respectively; physically the latter situation corresponds to looking at a
macroscopic velocity field very small compared to the sound speed.

Here we use both the above results to study the limit of the Boltzmann
processes corresponding to (1.1) and (1.3). Most of this paper is devoted
to the more complex case of the parabolic rescaling. In this scaling the
velocity is a fast mode while the position is a slow mode, so that the
velocity equilibrates faster than the position. The jump frequency goes to
infinity as ¢~ 2 and the collisions give rise to a stochastic perturbation for
the position of Brownian type. The choice for the velocity scaling brings up
the Navier—Stokes velocity field as the drift of the limiting process. We
prove that the position component of the Boltzmann process (X°, V)
corresponding to (1.3) converges, in the sense of probability measures on
the path space, to the solution of the following stochastic differential
equation:

X(t)zX(O)-{—ftds Uls, X(s)) + /D W(2) (14)

where U(z, x) is a solution of the incompressible Navier-Stokes equation
and the diffusion coefficient is given by

Da,.j:zJFw ds E[V(s) V,(0)] (15)
[}

In (1.5) the expectation is taken with respect to the global equilibrium
jump process. The diffusion coefficient has the usual form of a time average
of a velocity—velocity time correlation.

The above result falls into the class of diffusion approximations for
transport processes. Limit theorems of this type were proved in refs. 11 and
12 for Markov transport processes, with bounded velocities. Here we
follow the approach proposed in Costantini"®), which works also in the
case of non-compact state space (see also ref. 14 for yet another way to
handle these problems). In our approach the process X° is represented by
a stochastic equation driven by a suitable martingale. High-speed values
are controlled by the moments of a function determined by the process and
convergence is derived by the martingale central limit theorem together
with a suitable stochastic averaging technique.

In the hyperbolic case, we show that the position component of the
Boltzmann process (x°, v°} corresponding to (1.1) converges, in the sense of
probability measures on the path space, to the solution of the ordinary
differential equation

x:u(l’ x) (16)
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where u(1, x) is a solution of the compressible Euler equation. The proof is
based on the same computations as for the parabolic case except that the
martingale central limit theorem does not come into play.

From the physical point of view the limiting processes (1.4} and (1.6)
represent the motion of a Boltzmann particle on the hydrodynamic
time-space scales: in the hyperbolic case the particle moves deterministi-
cally following the Euler velocity field and the fluctuations of  the
microscopic velocities are noneffective. If one waits for a longer time, then,
in the incompressible approximation, one can see the effect of the viscosity
as a Brownian perturbation on the deterministic motion driven by the
Navier-Stokes velocity field.

In the latter case an interesting question is the relation between the
diffusion coefficient D of (1.4) and the viscosity which appears in the
Navier-Stokes equation. This is a typical problem of the relation between
self and bulk diffusion coefficients (see, for instance, ref. 15). In our case
both are determined by the global equilibrium properties of the system and
are related to relaxing times to the equilibrium. Since there exists a
Lagrangian formulation of the Navier-Stokes equation®!”) at macro-
scopic level which uses as stochastic characteristics the sample paths of a
diffusion whose drift is the velocity field and whose diffusion coefficient
(times the density) is the viscosity, it is natural to expect that this process
coincides with our limiting process. The expression of the viscosity v in
terms of the Green—Kubo formula in the context of the Boltzmann
linearized theory is!:!?

y=2T"" jw di [ dovy(e o) M), i#] (1.7)
0

where M is the global Maxwellian with density p and temperature T and
e' is the semigroup corresponding to the linearized Boltzmann operator
=/, which describes the evolution of a small perturbation of the hard-sphere
Boltzmann system from the equilibrium. Thus, the right-hand side is the
time average of a current—current correlation function at the equilibrium.
Equation (1.7) is a kind of fluctuation-dissipation formula for the non-
equilibrium case. On the other hand, the diffusion coefficient has a very
similar expression (1.5), where, however, the operator involved is the
adjoint A4 of the linear Boltzmann operator [given by (2.4) below with
f=M]. From (1.5) and (1.7) the relation between D and v appears to be
connected to the spectral properties of the operators 4 and /. A simpler
case is the one of the Maxwellian molecules'”), for which the spectra of the
operators A and &/ are almost explicitly known. Another possibility for
obtaining some partial answers to the question is to look at some kinetic
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models with discrete velocities (cellular automata and some model
Boltzmann equations'®), for which the kinetic and hydrodynamic
behaviors are known®'?), The advantage is that in this case the collision
operator is a matrix; on the other hand, one has to deal with an intrinsec
ambiguity in the definition of the linear operator (something like this
happens for lattice gases®’). At the moment we are studying the problem
in these contexts.

2. FORMULATION OF THE PROBLEM AND RESULTS

Our first goal is to construct a stochastic process to describe the
motion of the tracer particle in a Boltzmann fluid of hard spheres. Let
f(t, x,0), te[0, t4], xell, ve R®, be the density of the fluid. The tracer
particle moves with constant velocity; at random, conditionally exponential
times it collides with the environment particles and its velocity jumps. The
jump intensity ¢(z, x, v) is given by

[

q(t, x, U)Zj dv, do(v,—v)-wf (1, x, v) (2.1}

{vy—v)-w=0

where o is a unit vector, and v and v, represent the velocities before the
collision of the tracer particle and of the environment particle, respectively.
At each collision a direction @ is chosen uniformly on the unit sphere and
a particle of velocity v, is chosen with probability

1

. N [(Ul - U) 'w]tf(t’ X, Ul) dvl
g(t, x,v)

Then the velocity of the tracer particle changes to a new velocity v’
according to the rules of elastic collision

v=v+[(v,—v)- o]o (2.2)

The dynamics just described corresponds to an infinitesimal generators of
the form

Ly=v-V,y+4,.7 (2.3)

At,xy(t: )C>U):J~ dUl dw

(vj—2v)-w=0
x (v —~0)-@f (4, x, v} {p(t, x, V) —9(t, x, 0} (24)

In the sequel, whenever convenient, the indices 1, x in 4, , will be dropped.
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If we add the requirement that the tracer particle is identical to the
environment particles, then its one-time probability distribution must have
density proportional to f(t, x,v). Therefore the forward Kolmogorov
equation becomes the Boltzmann equation:

0. f+v-V f=0(ff) (2.5)

where Q is defined in (1.2) (vi=v,— [(v;—p)-w]w).
Let #,,. = P,,.(II x R*) be the space of the probability measures P on
ITx R? such that

[ P(ao) (14 1ol (M%)~ 2(0) < 0

where M * is a global Maxwellian, endowed with the weak * topology, and
let Gare(Ls, to1, Do), s€[0, 1), be the space of continuous functions P,
from [s, t,] into &,,. such that

sup [ P (do) (1 +[v)(M*)"2(0) < o0

SIS

Denote by €"°(I1 x R?) the space of real-valued functions continuously dif-
ferentiable in the first variable and continuous in the second one, and by
G([s, 101, IT) (2([s, to], R?)), s€ [0, t,), the space of continuous functions
(right continuous functions with left-hand limits) from [s,¢,] into I7
(into R*). For every solution f of the Boltzmann equation dominated
by a Maxwellian M * uniformly in ¢ and x, the operator L, defined by
(2.3) uniquely determines a probability measure on %([0, t,], /T) x
2([0, 1,], R*) with one-time density proportional to f(s, -, -): In fact, for
every s€ [0, £,), Poe P+, it can be easily seen that there exists a solution
to the local martingale problem for (L,, €"°(11 x R?), (s, P,)); an a priori
estimate based on ref. 20 shows that the function P defined by the one-time
distributions of any solution of the above local martingale problem belongs
to Grr+(Ls, 101, Zy+), and well-known techniques (see, for instance, ref. 21)
yield that the (weak) forward Kolmogorov equation for L, on [s, t,] with
initial datum P, has at most one solution in this space. The corresponding
canonical stochastic process (X, V) is a transport nonlinear Markov
process driven by a jump process inhomogeneous in both time and space.
It can also be represented by the following stochastic equations:

X(1)=X(0)+ | ds ¥(s)
‘ (2.6)
V()= V(0)+f ds Av(s, X(s), V{(s)) + Y(2)
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where Y is a zero mean local square-integrable martingale {in fact a
square-integrable martingale).

Nonlinear Markov processes and martingale problems associated with
equations of Boltzmann type have been studied also in refs. 4, 5, 22,
and 23.

Consider now the rescaled Boltzmann equation (1.2). Our starting
point to obtain the diffusion approximation is the result of ref. 10, which is
recalled next in a form tailored to our needs. Let H(II, R¥), ke N, be the
Sobolev space of order s.

Theorem 2.1 (De Masi, Esposito, Lebowitz). Let U(z, x) be a solu-
tion of the incompressible Navier—Stokes equation on [0, ¢,] with density
p and temperature 7, continuously differentiable in 7, and such that
U(-,0)=U,, where U, is a divergenceless field in H,(J1, R’), s>4, and
U(t,-)e H,(IT, R?) for all 1< t,, and let M* be the local Maxwellian

_ TP
ME(z, xyv)zén—';l)—ﬁexp{— I_U_S_zg_fl}

Then there is an &, >0 such that for every ¢<eg, there exists, for a
suitable initial datum F¢(0, -, -), a (strong) solution F*° of (1.3) such that

sup |F%(t, x, v) — M(t, x, v)| < C¥e*M*(v), Yve R® 2.7

for some positive constant C%, for any global Maxwellian M * with mean
zero, density one, and temperature 7* > 2T.

We consider the process (X°, V*°) corresponding to the solution F* of
the rescaled Boltzmann equation (1.3) associated to the velocity field U by
Theorem 2.1. (X?, V?) satisfies the rescaled form of (2.6),

Xo(1)= X*(0) 4+ 6 j’ds ve(s)
’ (2.8)
V(1) = V(0) + a—2j ds A%(s, X*(s), V*(s)) + Y*(1)

where A° is the operator defined by (2.4) with /= F*. In the sequel we will
also use the operators 4° and A4 defined by (2.4) with f=M°® and f=M,
respectively, where M is the global Maxwellian with density p, mean zero,
and temperature T. The corresponding jump intensities will be denoted by
q°(t, x, v) and g(v). Our main result can be formulated as follows.
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Theorem 2.2. The stochastic process X° converges, in the sense of
probability measures on the path space, as ¢ goes to zero, to the solution
of the stochastic differential equation

X(1) = X(0) + f ds U(s, X(s)) + /D W,

where X(0) is uniformly distributed on /I and the diffusion coefficient is a
constant given by

5,D= _E_fdu M(v) v, A", (2.9)
p

where 4~ 'v is defined up to an additive constant.

The result of Lachowicz®, as formulated in Theorem 2.3 below,
allows us to prove convergence of the hyperbolically rescaled Boltzmann
process (Theorem 2.4).

Theorem 2.3 (Lachowicz). Let (p, T, u) be a smooth solution of
the compressible Euler equation on [0, #,], such that

inf p(z, x)=c,>0, inf T(¢, x)=¢;>0

and let m be the local Maxwellian with parameters (p, 7, u),

p(t, x) {_ o —u(t, x)lz}

m(t, x, v)=[2—nWex 2T(¢, x)

Then there is an g, > 0 such that for every ¢ < ¢, there exists, for a suitable
initial datum £#(0, -, -), a (strong) solution f* of (1.1) such that

sup | f4(t, x, v) —m(t, x, v)| <cFeM(v), Yoe R? (2.10)

for some positive constant c§, for any global Maxwellian M * with mean
zero, density one, and temperature T* > 2 sup, , 7(¢, x).

Let (x%, v°) be the process corresponding to the solution f° of (1.1)
associated to (p, T, u) by Theorem 2.3. (x°, v*) satisfies

X*(1) = x°(0) + j ' ds v(s)
° (2.11)
(1) =v*(0)+ ¢! JO ds a®v*(s, x*(s), v°(s)) + ¥°(¢)
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where a° is the operator defined by (2.4) with f=/° and y%(¢) is a zero
mean local square-integrable martingale (in fact a square-integrable
martingale).

Theorem 2.4. The stochastic process x° converges, in the sense of
probability measures on the path space, as ¢ goes to zero, to the solution
of the ordinary differential equation

X=ult, x)

with initial condition x{0) distributed on I7 with probability density
proportional to p(0,-). §

3. DISCUSSION OF THE MATHEMATICAL TECHNIQUES
AND PROOFS

As anticipated in the Introduction, we will prove Theorem 2.2 (limit
under parabolic scaling) first. In order to illustrate our approach to the
diffusion approximation of transport processes, let us recall the standard
approach as presented, for instance, in ref. 11. In the latter setup one
considers the collection of the solutions ¥° of the backward Kolmogorov
equation for (X*(z), V*(1)),

Yo, x, 0) = E, . [g(X(s), V(s))], 1< (3.1)

as g varies in a suitable class of bounded continuous functions. ¥° is
developed in a formal Taylor expansion in powers of ¢, with coefficients 1/,
which is substituted in the backward Kolmogorov equation. In our case an
additional difficulty arises from the fact that the operator 4° itself depends
on ¢ by F*. However, since the operator depends linearly on F?, we know
by Theorem 2.1 that

A=A+ 0() (3.2)

By taking into account (3.2), a sequence of terms appears in the backward
Kolmogorov equation, each multiplied by a power of ¢ starting with the
order ¢ % The terms multiplied by the divergent powers of ¢ have to be set
equal to zero:

e % AY,=0 (3.3)
e Ay, +v-V,p,=0 (3.4)

By equating terms of the same order in ¢ starting from the order zero, one
obtains a sequence of equations for the remaining coefficients of the Taylor
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expansion of ° If one can prove the validity of the formal Taylor expan-
sion (usually by analytic tools), this determines the form of the infinitesimal
generator of the limiting process. Convergence can then be proved by
Markov processes techniques, such as martingale problem techniques.

In contrast, our approach consists in working directly on the sample
paths of the process X°. We consider only the function g{x, v)=x (in the
sequel all operators are extended in the obvious manner to vector-valued
functions). With this choice of g we have {,=x and

o (35)

Existence and regularity of solutions to (3.5) are ensured by the following
Lemma 3.1. Let L*(E, u; R¥), ke N, be the space of R*-valued, square-
integrable functions on a finite measure space (E, u); for k=1 we will write
simply L*(E, u). Also, for any function ge C'(R? R*), ke N, let dg denote
the Jacobian matrix; | -| will denote indifferently the modulus of a vector or
the norm of a matrix.

Lemma 3.1. Equation (3.5) has a solution in L*(R® Mg dv; R®)
and the solution is unique up to an additive constant. For any solution ¢
of (3.5), for every o >0,

sup M*(v) |¢(v)] < o0 (3.6)

Moreover, ¢ € C'(R?, R?) and, for every a>0,

sup M'V*(v) |0¢(v)| < 0 (3.7)

Proof. See the Appendix. |l

To fix a specific solution of (3.5), in the sequel we will denote by ¢ the
solution of (3.5) such that

[ do M) 4t) (0) =0 (38)
By setting
¢(v—eU(s, x)) = ¢°(1, x, v) (3.9)
(3.5) takes the form
A5 4%, X, 0) = —(v—eU(1, x)) (3.10)

Let
Ré(t, x, v) =&~ [ A% $°(8, x, v) — A $°(t, x, v)] (3.11)
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By applying Ito’s formula to ¢°, we get

¢°(1, X*(2), V(1)) — ¢°(0, X*(0), 1*(0))

= "ds 0,4%(s, X*(s), V(s)) + &~ | "ds (6, 4%)(s, X(s), V*(s))
[\] 4]

e [ ds 4°°(s, X*(s), V() + Z(0) (3.12)

where

dogo=Y v

i
j 7
and Z%(¢) is a zero mean local square-integrable martingale [in fact a
square-integrable martingale by Theorem 2.1, (3.15)-(3.17) below ] with

(ZH =67 [ ds 445, X05), V()
o [ ds (49755, X7(5), V(9)

—e? L: ds ¢*( A% )* (s, X*(s), V*(s)) (3.13)

where * denotes transposition (cf. ref 24, Chapter 2, Section 6). By
combining (3.10)—(3.12), solving for [§ ds V*(s), and substituting into (2.8),
we are able to obtain the following expression for the position component
of the process:

Xo(1) = X*(0) + ft ds U(s, X*(s)) + 6Z%(1) — e[ @°(2, X°(2), V(1))
470, X0 VO] +5 [ ds 0,45, X*(s), V()

+ J s (0,4%)(5, X*(s), V¥(s)) + e j Cds R(s, X*(s), V() (3.14)
0 4]

Note that by (3.9) also the term &, ¢° is of order &.

We now proceed to analyze each summand in the right-hand side of
(3.14). Particular care is necessary to deal with the fourth summand, which
is treated in Lemma 3.2. The martingale term ¢Z° is controlled by (eZ*) =
¢{Z*), which in its turn is handled by proving a suitable law of large
numbers (Lemma 3.5).

822/67/1-2-16
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Clearly, by Theorem 2.1 one can suppose that
inf p?>0 (3.15)

Ry

where, as in the Introduction,
pf= f dx dv F¥(t, x, v)
and choose C§ such that

sup sup M*(t, x, v) < CFM *(v), Yve R® (3.16)

e<ey hLXx

Moreover, by Lemma 3.1 and (3.9), for any temperature 7* and for every
a >0, there exists C} >0 such that for all e<e,, 1<1t,, ve R,

|52, x, )| < CFM*(v) '
[0¢(v—eU(t, x))| S CEM *(v) ~1* (3.17)
5, x, v) S CFM*(0)V*M*(v,) =~
where v is defined in (2.2).
Lemma 3.2. For any positive ¢

sup E[sup &% |¢°(z, X°(2), VE(1))|*1 9] < + 0 (3.18)

ESE gy
Proof. By applying Ito’s formula to |¢°(z, x, v)[?" +%), we get

|g°(r, X*(2), V()24 +2

= 140.X0), VOO [[ s 0,140 s, X4(s), V()
vt [ ds (0,187170+ )(s, X¥(s), VA(s)

t
o [ ds (4519120 s, X¥(s), VE(s)) + Z5(0)
0
where Z75 is a zero mean local square-integrable martingale and

(Z5>(0=a 2 [ ds (71140 )6, X(5), V()

=267 [ ds LA I D) g0 D (s, X (o), V()
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The expected value of {Z%)(s) is bounded by a constant times
1
e T = {J dx dv [ dv, vy~ o] |°1*0 T2 (s, x, 0') Fi(s, x, v,) F(s, x, v)
p
+ [ do (s, x, 0)(19°1%0 (s, x, 0)+ 1) F(s, x, v)}

which is finite by Theorem 2.1, (3.15)-(3.17). Therefore Z% is a square-
integrable martingale and we have, by Doob’s inequality,

E[sup &*|¢e(t, X*(1), V*(1))I*" + 2]

<EET14%(0, X°(0), V*(0))1* ']
+ &g sup E[10,]¢°1*" (s, X*(s), V¥(s))I]

s<fo

+elq sup E[[(81¢°*" * Po)(s, X*(s), V*(s))I]

s<1Q

+ 1o sup ELI(A°|¢°*1 ) (s, X*(s), V(5))I]

R )

+2¢e{1, sup E[(A°1471% )5, X¥(s), V(s))

= 2[(A% (g7 P72 20U s, Xo(s), V()]

where all the summands on the right-hand side are uniformly bounded in
¢ by Theorem 2.1, (3.15)-(3.17). |}

Let
Ut(t) = —elg°(s, X°(2), V(1)) — ¢°(0, X*(0), 1%(0))]

+ sj' ds 8,¢%(s, X*(s), V¥(s))
+ [ ds (0,97 0)(s X4(5), V4(5))
[ Cds R(s, X*(s), V¥(s)) (3.19)

Lemma 3.3. The process U® converges to zero, in the sense of
probability measures on the path space, as ¢ goes to zero.
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Proof. We have, for any § >0,
Elsup |[U*(1)|]

1<y

<281_1/“+5){E[sup 82|¢6(l, XE([), Vs(t))|2(1+5)]}1/[2(1+5)]

r<

+ &to sup E[|R*(s, X*(s), V*(s))/]

N i)

+ ety sup EL|0,0°(s, X°(s), Vo(s))|]

LR ))

+ ety sup E[|0¢(V°:(s)—eU(s, X°(s))) 0, U(s, X?(s)) V(s)|]

51

The first summand is dominated by a constant times 2g!~Y{(+9) py
Lemma 3.2. As far as the second term is concerned, we have

sup E[|R*(s, X*(s), V*(s))| ]

LR )

=&77sup E[|A°¢°(s, X*(s), V*(s)) — A°¢°(s, X*(s), V*(s))I]

LRy}

<3‘2477: sup U dx dv f dv,

s<

X |vy = o[ |9%(s, x, v) — #°(s, x, V) |[F*(s, x, v;) — M*(s, x, v, )]

X M(s, %, v) + [ dx dv [ dvy v, — o] 19°(s, x, v') — #°(5, x, v)

MPQ&M—MM&mMP@LM—M%%M@

where the right-hand side is bounded uniformly in ¢ by Theorem 2.1,
(3.15)-(3.17). Analogously, the last two summands are dominated by &z,
times a constant, by Theorem 2.1, (3.15)-(3.17). |

Lemma 3.4. For every sequence {¢,} converging to zero, the family
of stochastic processes {X*} is relatively compact.

Proof. By (3.14)
X%(1) = X*(0) + | "ds Uls, X*(s)) + U(1) + 6, Z(2)

The sequence of the sums of the first three terms is relatively compact by
Theorem 2.1, Lemma 3.3., and the fact that sup |U(s, x)| < +o0. Set

[*(s)=[A4%1¢°] = 24" - (A°¢%) ](s, X*(s), V"(5))
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Then, we have, by (3.13),

tr E[CZ°)(1)] = | ds ELE(3)]

E[¢(s)] =%fdx do F(s, x, v) dv, d

J‘(ul—v)wuZO
X (Ul - U) - ‘¢S(S1 X, U’) - ¢6(S9 X, U)I2 FS(S’ X, vl)
which is finite by Theorem 2.1, (3.15)-(3.17), so that Z° is a square-

integrable martingale and, denoting by #° the c-algebra generated by
eZ(s), s<t,forany n>0, 0<1<t+n<t,,

E[leZ(t+n)—eZ(1)1* | # ;]

t

=tr E[{eZ*)(1+n)— {eZ*H(1)| F ]
r+n
SE[ sup f ds Ce(s)|97f:|
fsig—n !
Since, for any ¢ >0,

E[ sup JIH ds Ca(s)]

t<—n"!

Snlfl/(1+5)lé/u+5){sup E[CE(S)1+5]}1/’(1+<5)

RS )

where the expectation in the last factor of the right-hand side is bounded,
uniformly in ¢, by Theorem 2.1, (3.15)~(3.17), it follows that {e,Z%} is
relatively compact by ref. 24, Theorem 8.6, Chapter 3. Finally, {X%} is
relatively compact because all limit points of X*(0)+ [, ds U(s, X*(s)) +
U%(-) are continuous. |

For every measurable function g such that

fdu M) |g(t, x, ) <0, V(1 x) (3.20)

set

a1, x):;l)_-jdv M(v) g(1, x, v) (3.21)

Lemma 3.5. Let g be a real-valued measurable function such that,
for some a>1,

jm di [ dx do G(o)~* M(0)" (1, x, 0)]> < o0 (3.22)
0
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where g(v) is defined by (2.1) with f= M. Then

lim £ [sup

e—-0 (<1

[ ds La(s, X°(s), V¥(5) — (s, X°(5))] H -0 (323)

0

Proof. Tt is proved below in Theorem A.1 that for every a>1 4
maps continuously L([0, o] x ITx R*, gM"/* ds dx dv) onto the subspace
of L*([0,t,1xIIxR® G 'M"*dsdxdv) of the functions g such that
g(1, x)=0, which we call #,(4). Thus, the linear span of the functions
(2, x) Ay,(v) with y, continuously differentiable and y, bounded and
continuous is dense in #,(A); moreover for g, he #,(A), by choosing
T* < 20T in Theorem 2.1, one can see that

fo
JO ds E[| g(s, X°(s), V*(s)) — R(s, X*(s), V*(s))I ]
is bounded, uniformly in ¢, by a constant times
f 172
{7 s f o g5 .0) = hGs 0000 710
0
On the other hand, Theorem 2.1 implies that

tim [ ds ELIp(s, X¥(s)) Aa(V¥(s))

g—>0vp

~71(s, X*(5)) A%y,(s, X*(s), V¥(s5))|1=0
Therefore it is enough to prove that

! ds A%(s, X%(s), V*(s))

(]

lim E [sup

e—0 <1

]:0 (3.24)

for any function y bounded, continuous in v, and continuously differen-
tiable in r and x, with bounded derivatives. By applying Ito’s formula to y,
we get

t
[ ds A5, X¥(s), V¥(5)

0

=&’[y(0, X*(0), V*(0)) —»(t, X*(2), V*(1))]

+¢ jot ds 0,y(s, X(s), V¥(s)) + ¢ ftds (0,7 v)(s, X(s), V¥(s)) +&2Z5(2)
1]
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where Z° is a mean-zero square-integrable martingale with

(25w =e? [ ds (A ), X(6), V)

g2 jo ds (yA™)(s, X*(s), V¥(s))

Hence, by Doob’s inequality we have

E[sup
1<
<28 |7] o + 80 [10,7 | oo + 826110571l o sUP sup E[{V(1)]]

esey <1

+ 2e{to sup EL(A°[71?)(s, X*(s), V*(5)) — 2(yA™)(s, X*(s), V*(s))1}"*

s

[ ds 4905, X°6), V7(5) H

0

where the right-hand side vanishes as ¢ goes to zero. ||

Proof of Theorem 2.2. For every sequence {¢,} converging to zero,
we have

E[sup |(ex Z%)(t) —tDI|]

t<1g

Stosup E[[{A%(¢°¢™*) — (A°¢°)¢™* — ¢°(A"¢")*

L))

— A(¢$*)+ (Ap)¢* + $(Ap)* }(s, X*(s), V*(5))]]

+Etsup

<1y

[ a5 {t0o%) - (Fr9* -~ o001 - D1} ()|

where D is defined by (2.9). The first term on the right-hand side converges
to zero by Theorem 2.1, Lemma 3.1, (3.15)-(3.17) (see proofs of Lemmas
3.2 and 3.4), while the second term converges to zero by Lemmas 3.1
and 3.5. In addition,

E[sup [e, Z%(1) — e, Z*(t7)I?]

1<

= E[sup ez |¢™(t, X*(1), Vo(2)) — (1, X*(2), V(27 ))I*]
1<t
and the right-hand side goes to zero, as k — oo, by Lemma 3.2. Therefore
by the martingale central limit theorem (ref. 24, Chapter 7, Theorem 1.4),
{e,Z%} converges in the sense of probability measures on the path space
o \/BW, where W is a standard Brownian motion. By Lemma 3.3, all
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limit points of {X%} are solutions of the stochastic differential
equation (1.4). As (1.4) has a unique solution (see, for instance, ref. 24,
Theorem 3.7, Chapter 5), the assertion is proved. |

We now turn to the hyperbolic case.

Proof of Theorem 2.4. The function

ot x, v) =2 ¢(<T(T )>m[v—u<t,x)]> (325)

p(t, x) t,x
¢’ being defined by Lemma 3.1 and (3.8), satisfies
ag(t, x, v) = —(v—u(t, x)) (3.26)

where a is the operator defined by (2.4) with f=m and m is the local
Maxwellian of Theorem 2.3. Since u is smooth, by Lemma 3.1, ¢ belongs to
#([0, to,] x IT x R®) and, for every « >0, there exist constants ¢} such that

sup |o(t, x, v)| <cF M*(v)~"*

X
sup |2,0(¢, x, v)] LeXM*(v) Ve (3.27)
t,x

sup [0,¢(t, x, v)v| <cFM*(v)
t,x

where M* is as in Theorem 2.3. By applying Ito’s formula to ¢, we get,
setting

ri(t, x,v)=¢""[a’p —ag1(t, x, v)

x%(¢)=x*(0) + jr ds u(s, x°(s)) —e[o(z, x°(2), v%(t))
0
= (0, (0), *(0) 1 +2 || ds 3,97(s, x°s), v(5)
e[ dsdapls, x(5), v¥(5)) v7(s)

+e ft ds ré(s, x°(s), v°(s)) + ez%(¢) (3.28)

0

where z° is a zero-mean square-integrable martingale with

(2*H(t)y=¢"" Jot ds [a*(@p*) — (a"¢)o* — p(ap)* 1(s, x(s), v*(s)) ~ (3.29)
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Then the same computations as in Lemmas 3.2 and 3.3 show that

lim E[sup & ¢(0, x*(0), v(0)) — (8, x*(1), v*(1))| 1 =0

t<to

and

lim E [sup €

£—>0 <ty

Jl ds [0,0 + 0,00+ r (s, x°(s), v°(s)) H =0

0

In addition,

sup E[tr[a*(¢o*)—(a°0)o* — @(a®p*) (s, x*(s), v*(5)) ]

s€1

1
:sup:fdxdvj do dv,
sty (v1—v) wz0
X (Ul _U) -a)](p(s, X, U)—(p(S, X, U/)azfe(ss X, Ul)fe(sa X, U)

[p°= j dx dv f*(s, x, v)], where the right-hand side is bounded uniformly in
¢ by Theorem 2.3 and (3.27). Since, by Doob’s inequality,

ETsup |ez*(1)|*] < 4e’ tr E[{z°)(to)]

1<

ez® converges to zero as ¢ goes to zero. Therefore, for every sequence {g,}
converging to zero, {x*} is relatively compact and all its limit points
satisfy (1.5); as (1.5) has a unique solution, this proves the assertion. §

APPENDIX
Theorem 3.1 is a consequence of the following result.

Theorem A.1. For every ge L*(R?, MG ™' dv) such that
jdu 2(v) M(v) =0 (A1)

the equation
dy=¢g (A.2)

has a solution in L*R? Mgdv), unique up to an additive constant.
Moreover, for every a1, if ge L*(R?, M'*G~' dv), then any solution y
belongs to L*(R3, MY*gdv), and if gMY®¥/3'? is bounded, then
yMY2*) G172 is bounded.
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Proof. Consider the operator

~

/Iaczqﬁl/ZMl/(Za)ZM~1/(2&)@—1/2=Koz_1 (A3)
Then Eq. (A.2) is equivalent to

(K== I)j" = g* (A4)
where
Pr= Ml/(ZanI/Z% &= Ml/(Zoc)qfl/2g

For every a>1, the kernel k*(v,v’) of K* is bounded pointwise by a
constant, depending on «, § and T, times k,(v(2T)~ "2, v'(aT)~"?), where
k,(v, v") is the kernel defined in (48) of ref. 20. In Ref. 20, pp. 4649, Grad
proves that the kernel k{ of the third iterate of the integral operator
corresponding to k, is square-integrable, so that the same holds for £*
Thus, (K*)® is a Hilbert-Schmidt operator, which implies that K is
compact on L*(dv). The kernel of (K*—1I) is the linear span of M) g"2,
while the kernel of (K*—1I)* is the linear span of M'~ V%32 Then, for
every §*e L*(dv) such that [dv g*(v) M'~)(v) §"*(v) =0, (A4) has a
solution in L*(dv), unique up to addition of a constant times M */?*)g'/2,
Therefore, for every a > 1, for every ge L3(R3, M'%3~! dv) such that (A.1)
holds, (A.2) has a solution in L?*(R’ M'Y*Gdv); since g belongs to
L*(R?, M3~" dv) as well, the solution is unique, up to an additive constant,
in L2(R*, Mq dv). Moreover,

sup j v’ ky(v, v')? < o0 (A.5)

[ref 20, (59) and (61)], so that, for any solution 7* of (A4), [|7*| is
bounded, up to a multiplicative constant, by

187N oo + H7%ll 2
which yields the last assertion of the statement. |

Proof of Theorem 3.1. The condition (3.6) is immediate from
Theorem A.1. An explicit computation shows that the kernel (v, v’) of
A+gI=K is given by a constant times

(lo—v'l)~ exp{—[v"- (v’ —0)1*/(2T|v' —v|*)} (A.6)

k is continuously differentiable in v, for v # v’, and |0,k(v, v')| is dox_ninated,
up to a multiplicative constant, by

k(v, v )1+ 30|/ T+ |v]*/T) (A7)
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As in the proof of Theorem A.l, for every a>1, MYC"(v)k(v,v')
M~Y®9(y') is bounded by a constant times k,(v/(aT)"?, v'/(aT)"?), so
that, by (59) and (61) in ref. 20, MY®M(0)|d,k(v, )| M~ VE9(.) is
integrable and the integral is bounded in v. Since |¢| M*** is bounded
for every a1, this implies that K¢ is continuously differentiable and
MYV2) | 5(Kg)| is bounded for every o> 1, which yields the assertion, by
the observation that ¢ =Kg+0v. |
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